We consider height-integrated equations of an advection-dominated accretion flow (ADAF), assuming that there is no mass outflow. We include convection through a mixing length formalism. We seek self-similar solutions in which the angular velocity and sound speed scale as R −1/2 , where R is the radius, and consider two limiting prescriptions for the transport of angular momentum by convection. In one limit, the transport occurs down the angular velocity gradient, so convection moves angular momentum outward. In the other, the transport is down the specific angular momentum gradient, so convection moves angular momentum inward. We also consider general prescriptions which lie in between the two limits. When convection moves angular momentum outward, we recover the usual self-similar solution for ADAFs in which the mass density scales as ρ ∝ R −3/2 . When convection moves angular momentum inward, we again find this solution if the viscosity coefficient α > α crit1 ∼ 0.05.
Introduction
Advection-dominated accretion flows (ADAFs, see Narayan, Mahadevan & Quataert 1998 and Kato, Fukue & Mineshige 1998 for reviews) were introduced to astrophysics by Ichimaru (1977) and have been studied extensively in the last few years (Narayan & Yi 1994 , hereafter NY, Abramowicz et al. 1995 , Narayan & Yi 1995b . The recent interest in ADAFs has been stimulated to a large extent by the fact that these flows provide a natural explanation for many phenomena associated with low-luminosity accreting black holes (Narayan et al. 1998) . ADAFs are also relevant for understanding black holes with super-Eddington accretion (Abramowicz et al. 1988 ).
NY derived an analytic self-similar solution for an ADAF which has provided considerable insight into the properties of these flows. A number of authors have extended this work and obtained related analytic and/or self-similar solutions (e.g. Narayan & Yi 1995a , Honma 1996 , Kato & Nakamura 1998 , Blandford & Begelman 1999 , Manmoto et al. 1999 .
NY showed that the entropy of the accreting gas in an ADAF increases towards smaller radii. They argued that an ADAF is therefore likely to be convectively unstable. The convective instability was confirmed by Igumenshchev, Chen & Abramowicz (1996) using numerical simulations. More detailed simulations have been reported by Igumenshchev & Abramowicz (1999) and Stone, Pringle & Begelman (1999) .
Although NY recognized the importance of convection, they incorporated its effects only schematically in the derivation of their self-similar solution. We present a more detailed discussion here. We show that, depending on whether convective turbulence moves angular momentum outward or inward, the nature of ADAFs may be very different. We use this insight to interpret the numerical simulations of Igumenshchev and others.
Self-Similar Scalings
Our analysis and notation closely follow the discussion in NY. We work with height-integrated equations (see Narayan & Yi 1995a for an interpretation of height-integration). We assume that there is no significant mass outflow from the ADAF, i.e. that the mass accretion rateṀ is independent of radius R. The Keplerian angular velocity is Ω K = (GM/R 3 ) 1/2 and the corresponding linear velocity is
where M is the mass of the accreting star (black hole) and R is the cylindrical radius.
We seek a self-similar solution which satisfies the following scalings for the angular velocity Ω, the isothermal sound speed c s and the scale height H:
where Ω 0 and c 0 are dimensionless constants to be determined. We write the density ρ as
so that the pressure scales as
The index a is equal to 3/2 in the original self-similar solution of NY; we reproduce this scaling in §4. However, as we show in § §5.2, 6, under appropriate conditions a very different solution is possible, which has a = 1/2.
As in NY, we apply the conservation laws of mass, radial momentum, angular momentum and energy to solve for the various unknowns. Mass conservation requires that ρvRH be independent of R, where v is the radial velocity. This gives the following scaling for v:
In the radial momentum equation, we assume for simplicity that v 2 v 2 K , which corresponds to the condition that the Shakura-Sunyaev viscosity coefficient α is small: α 2 1. This allows us to ignore the ram pressure term vdv/dR. We also ignore the gradient of the turbulent pressure. The radial momentum equation then simplifies to a simple balance between gravity, centrifugal force and thermal pressure gradient. This gives 
Since we require Ω 
Mixing Length Convection
We follow the model of mixing length convection developed by Grossman, Narayan & Arnett (1993, hereafter GNA) and use their notation, except that we replace the temperature by the isothermal sound speed c 2 s (= kT /µm p , where µ is the dimensionless molecular weight). The properties of convection depend sensitively on the superadiabatic gradient
where γ is the adiabatic index of the gas.
To fix ideas, we consider first a non-rotating gas, the case discussed by GNA. We begin by writing down some useful relations. The entropy gradient of the gas can be written in terms of ∆∇c 2 s :
where c p = γ/(γ − 1) is the specific heat at constant pressure (in units of k/µm p ). The Brunt-Väisälä frequency N is given by
where g ef f ≡ −(1/ρ)(dp/dR) is the radial effective gravity. When N 2 is positive, perturbations in the gas have an oscillatory behavior and there is no convective instability. However, when N 2 is negative, i.e. when N is imaginary, perturbations have a runaway growth, leading to convection. We thus see that we have convection whenever ∆∇c 2 s is positive, i.e. when the entropy decreases outward. This is the well-known Schwarzschild criterion.
We assume that all mixing lengths are equal to a single length L M , and we set the dimensionless thermal expansion coefficient to unity (ideal gas). We also ignore the effect of the microscopic viscosity ν on the motion of convective eddies. This is not a very safe assumption, but it simplifies the analysis considerably. We believe that it will not affect the qualitative nature of the results. With these assumptions, the various coefficients, A, B, D, E, in GNA simplify to
Borrowing results from GNA, the rms turbulent velocity of convective blobs is given by
and the convective energy flux is
Let us define the effective diffusion constant K c for convective energy transport by the relation
We then obtain
We see that K c has an intuitively obvious form; it is the product of (−N 2 ) 1/2 , which describes the characteristic frequency associated with convective motions (more precisely, (−N 2 ) −1/2 is the growth time scale for perturbations), and the square of the characteristic length scale of convection, the mixing length L M . The coefficient 1/4 arises from the detailed theory of GNA. The standard treatment of mixing length convection in astrophysics gives a slightly different coefficient, namely 1/4 √ 2 (e.g. Cox & Giuli 1968 , Kippenhahn & Weigert 1990 . Since empirical estimates of the mixing length make use of the latter coefficient, we incorporate this difference in our definition of the dimensionless mixing length l M below.
All mixing lengths are equal in our treatment, and it is therefore natural to assume that all transport phenomena in the convective medium have diffusion constants of the same order as equation (2). In this spirit, we assume that the above expression for K c is valid also for convective angular momentum transport. Of course, there could be differences in the relative efficiencies of energy and angular momentum transport, associated for instance with different mixing lengths for the two phenomena. As we highlight in this paper, there are large uncertainties even with regard to the sign of the angular momentum flux.
Convection in a Differentially-Rotating ADAF
When there is rotation, we must replace the Brunt-Väisälä frequency N by an effective frequency N ef f given by
where κ is the epicyclic frequency for particle motions in the equatorial plane; for Ω ∝ R −3/2 , we have κ = Ω.
N ef f is the effective frequency for motions of gas elements in the equatorial plane.
For a self-similar ADAF, we find that We see that for these parameter ranges, the ADAF models are convectively unstable by the Schwarzschild criterion. However, the relevant frequency is not N , but N ef f , which includes a contribution from κ 2 :
It is not immediately obvious whether a given flow will be convectively stable or unstable. 
where l M is the usual dimensionless mixing length parameter (called α in the solar and stellar convection literature, cf. Kim et al. 1996 , Abbett et al. 1997 . The additional factor of 2 −1/4 has been introduced in order to bring our formulae in line with the usual versions of mixing length convection (cf the discussion below eq 2). We also write the diffusion constant in the usual form
where α c is a dimensionless coefficient which describes the strength of convective diffusion; this coefficient is similar to the usual Shakura & Sunyaev α which is introduced to parameterize the strength of viscosity. We then find that
and the convective energy flux takes the form
In the Sun, the mixing length l M is estimated to be approximately ∼ 1.5 (e.g. Abbett et al. 1997 ). However, it is believed that l M should be smaller when there is a strong superadiabatic gradient (e.g. Kim et al. 1996) ; for instance, Asida (1999) estimates l M ∼ 1.4 in red giant envelopes. In view of the relatively large superadiabatic gradient present in ADAFs, the convection in these flows is likely to be more similar to that found in red giant envelopes than in the Sun's convection zone. So we may expect l 2 M ∼ 2 in ADAFs. We use this value for numerical estimates, but we note that there is some uncertainty in the estimate.
Transport of angular momentum by convection is a complex subject and there is no consensus on how it operates. We consider two extreme possibilities. In one limit we assume (following NY) that convection behaves like normal viscosity; that is, we write the flux of angular momentum aṡ
This corresponds to the assumption that the convective angular momentum flux is oriented down the angular velocity gradient, i.e. that convection tries to drive a system towards a state of uniform rotation, just as microscopic viscosity does. For Ω ∝ R −3/2 , it corresponds to outward transport of angular momentum.
Equation (4) also assumes that the diffusion constant for angular momentum transport is equal to that for energy transport, hence the use of the same constant α c .
An alternative possibility is that the convective flux scales aṡ
-6 -This means that the convective angular momentum flux is oriented down the specific angular momentum gradient, i.e. that convection tries to drive a system towards a state of uniform specific angular momentum.
For Ω ∝ R −3/2 , it corresponds to inward transport of angular momentum.
We concentrate on these two limiting cases in §4 and §5. However, as Kumar, Narayan & Loeb (1995) showed, there could be a continuum of intermediate possibilities, depending on the nature of the interactions between convective eddies. Therefore, we discuss in §6 the general case where the angular momentum flux takes the formJ
Here, the index g allows us to tune the physics of convective angular momentum transport. When g = 1, we reproduce equation (4) and when g = −1/3 we reproduce equation (5). In principle, any value of g between these two extremes is possible. In our problem, the specific case g = 0 corresponds to zero angular momentum transport.
Outward Angular Momentum Transfer
We assume that convection moves angular momentum outward according to equation (4). In this case, the only valid self-similar solution is the one found by Narayan & Yi (1994) , which corresponds to a = 3/2 and ρ ∝ R −3/2 . For this case, we may write the radial velocity as
where v 0 is a constant.
We consider first the angular momentum equation. We follow Narayan & Yi (1994) and look for a self-similar solution in which the net flux of angular momentum vanishes. This implies that the sum of the angular momentum fluxes due to viscosityJ v , convectionJ c and advectionJ adv is equal to zero. Thuṡ
which simplifies to
We consider next the energy equation. Ignoring cooling, but including energy transport by convection, this equation takes the form
The viscous dissipation rate is equal to (shear stress)×(rate of strain):
Substituting equation (1) for Ω 0 and equation (6) for v 0 , and simplifying, this reduces to the following relation for c
where we recall that α c is itself a function of c 2 0 (cf. eq. 3). Given the values of α and γ, the nonlinear equation (8) (1) and (7) then allow us to calculate the angular velocity and radial velocity, thus completing the solution. Figure 1 shows the variation of the convective coefficient α c as a function of the viscous coefficient α for three choices of γ: 1.6, 1.5, 1.4. We see that α c lies in the range 0.02 to 0.07, depending on the values of α and γ. The estimate of α c is directly proportional to l 2 M , which we have set equal to 2. It is interesting that Narayan, Loeb & Kumar (1994) estimated that the maximum value of α in a turbulent Keplerian flow is 0.07.
An important result of this analysis is that we obtain a consistent solution for all values of α and any γ < 5/3. In other words, the NY self-similar solution, with a = 3/2, is valid in the presence of convection for all values of α, provided convection transfers angular momentum outward with the same efficiency as it transfers energy (i.e. same α c ). This result was already obtained by NY using a somewhat simplified model of convection. We have presented here a more detailed analysis, using a slightly more rigorous version of mixing length convection.
Note that for the NY self-similar solution the value γ = 5/3 is special. For γ = 5/3 and any value of α, we find c 2 0 = 2/5, Ω 2 0 = 0 (no rotation) and α c = 0 (no convection). There are no self-similar solutions of the NY form for γ > 5/3.
Inward Angular Momentum Transfer
We now consider the case when angular momentum is moved inward by convection, following the prescription given in equation (5). To our knowledge, this case has not been considered previously in the theory of ADAFs.
Self-Similar ADAF Solution
We consider first the case when a = 3/2. The analysis proceeds very similarly as in the previous section. The angular momentum equation looks the same as before, except thatJ c is now proportional to −d(ΩR 2 )/dR rather than −dΩ/dR. Correspondingly, the vanishing of the angular momentum flux gives the following condition:
In the energy equation, we note that the net viscous stress, including the effect of viscosity, is now proportional to (3α − α c )/2. We once again write Q + as (shear stress)×(rate of strain). Then, instead of equation (8), we obtain the following relation,
where once again α c is itself a function of c 2 0 .
The solid lines in Figure 2 show the variation of α c with α for various γ. As before, we see that α c lies in the range ∼ 0.02 − 0.07. However, we now find that a consistent solution is available only for α greater than a certain critical α crit1 , whose value lies in the range 0.03 to 0.08. The value of α crit1 depends on the value of γ, and is also directly proportional to l 2 M .
When α = α crit1 , the sound speed takes on its maximum value, c 2 0 = 2/5 (and the rotation goes to zero, cf. eq 1). Knowing this fact, it is straightforward to show that
, where α c,crit1 is the value of the convective α c when α = α crit1 . Note once again that the solution is valid only for γ ≤ 5/3.
Self-Similar Convective Envelope Solution
What happens if α < α crit1 ? In this case, there is no NY-like self-similar solution with a = 3/2. A possible reason for the lack of solution is the following. Since advection moves angular momentum inward and since we have assumed (in this section) that convection also moves angular momentum inward, the only way to have a consistent accretion solution is for α viscosity move an equivalent amount of angular momentum outward. If the parameter α is very small, the viscous flux is unable to cope with the inward flux due to convection, and there is no consistent accretion solution.
However, we find that when α is small, a completely different solution, with a = 1/2 and ρ ∝ R −1/2 , is possible. This is a non-accreting solution with v = 0 (at least in the limit of perfect self-similarity). We refer to it as a "convective envelope" solution.
Since v = 0 in this solution, the advected angular momentum fluxJ adv vanishes. Therefore, we must haveJ v +J c = 0, i.e. there must be a perfect balance between outward angular momentum transport via viscosity and inward transport via convection. This leads to the following condition on c 2 0 :
If α is very small, then α c is also very small. In this limit, we have a flow which is marginally stable to convection, with c Figure 2 show the results. Interestingly, we find that there is a consistent solution only if α is less than a critical α crit2 . The critical value is easily obtained by setting c 2 0 equal to the largest value it is allowed for a = 1/2, viz. 2/3 (see eq 1). This gives
We see that α crit2 is of the same order as α crit1 , i.e. ∼ 0.05, but the two are not exactly equal. An interesting feature is that γ = 5/3 is not special for this solution. Consistent flows can be obtained even for larger γ.
Note that the convective envelope solution is technically not an accretion solution at all, but a static solution. In practice of course, a small amount of mass will flow into the central black hole from the innermost region and this will drive a small amount of accretion. However, in contrast to the ADAF solution described by NY, where the mass accretion rate is determined by the density and temperature on the outside and is not sensitive to the radius of the inner boundary, in the convective envelope the accretion rate is determined entirely by the conditions at the inner boundary and therefore on the location of the inner boundary.
Another interesting feature is that the convective envelope solution has a significant outward flux of energy carried by convection. This energy flux is constant with radius and clearly originates near the center. Indeed, the flux originates from the (small amount of) mass which is accreted at the inner edge. A fraction of the binding energy of this accreted mass is diverted outward by convection and is transported to large radii, where it is presumably radiated in some fashion. This feature of the convective envelope solution, namely that energy which is generated in one region is transported a large distance before being radiated from another region, is very similar to what happens in the convection zone of low-mass stars like the Sun.
General Angular Momentum Transfer
For completeness, we briefly discuss the general case in which the angular momentum transfer is described by equation (6) with an arbitrary index g.
If we consider an NY-like self-similar solution with a = 3/2, equations (8) and (10) are replaced by the more general relation
where α c is still given by equation (3). It is easily verified that this equation reduces to equation (8) for g = 1 and equation (10) for g = −1/3. We can also show that the critical α crit1 becomes
We see that α crit1 is positive whenever g < 2/3. This is an interesting result. It shows that the breakdown of the NY solution at small α is not unique to the prescription (5) for the angular momentum transfer, which corresponds to g = −1/3. The phenomenon will occur even when there is no angular momentum transfer by convection (g = 0) or when there is angular momentum transfer outward but with a reduced efficiency compared to equation (4) (0 < g < 2/3). In these cases, the critical α crit1 is smaller than when g = −1/3, which means that α has to be lower before the NY solution would fail.
Similarly, when we repeat the analysis of §5.2 that led to the convective envelope solution, we find for a general value of g that equation (11) is replaced by
We see that the convective envelope solution is allowed for any g < 0, but not for g > 0. The critical α crit2 up to which the solution is available is
One interesting fact that emerges from this analysis (as well as the simpler version presented in §5) is that there are certain parameter regimes for which neither an NY-like ADAF solution nor a convective envelope solution is possible. Any flow with 0 < g < 2/3 and α < α crit1 belongs to this category. For this parameter range, power-law solutions, if any, would violate one of our basic assumptions. The most likely modification is the scaling Ω ∝ Ω K ∝ R −3/2 which we have assumed. Honma (1996) , for instance, discovered an ADAF solution for γ = 5/3 which has Ω ∝ R −1/2 . This solution has been developed further by Kato & Nakamura (1998) and Manmoto et al. (1999) .
Comparison with Numerical Simulations
In this section we compare the theory developed in the previous section with numerical results from a low-viscosity two-dimensional (2D) simulation of non-radiative accretion flows. The model was calculated by solving the non-relativistic time-dependent Navier-Stokes equations for an accretion flow in the gravitational field of a point mass. All components of the viscous stress were included. The details of the numerical technique are described in Igumenshchev & Abramowicz (1999) .
The model considered here has α = 0.01, γ = 5/3, inner boundary of the accretion flow at R in = 3R g and outer boundary at R out = 8 × 10 3 R g , where R g is the gravitational radius of the black hole. Mass is steadily injected within an equatorial torus near the outer boundary of the grid. There is no cooling in the accreting gas.
Initially, there is little or no mass in the grid. As the injected mass spreads and accretes, the mass within the grid increases. After a period of time comparable to the viscous time scale at the outer radius, the accretion flow achieves a quasi-stationary behaviour, and may be considered to be in steady state. The "steady state" is, however, only in a time-averaged sense since the flow has convective motions which introduce chaotic fluctuations at any given point. We compute time-averaged properties of the flow for comparison with the theoretical predictions by averaging over a time equal to 44 Keplerian periods measured at 100R g .
Before we describe the results we would like to emphasize an important point. Stone & Balbus (1996) showed that if azimuthal pressure gradients are absent, then turbulence in a Keplerian disk can only transport angular momentum inward. By symmetry, 2D axisymmetric simulations do not have azimuthal pressure gradients. Because, of this, each eddy preserves its angular momentum as it moves (in the absence of ordinary viscosity). Therefore, turbulent mixing of eddies in axisymmetric simulations tends to drive the system towards a state of constant specific angular momentum, and the transfer of angular momentum behaves like equation (5). We emphasize that this is merely a consequence of axisymmetry, and does not necessarily represent the properties of real convection.
Our numerical simulations confirm the above expectation for the direction of transfer of angular momentum. Figure 3 shows the (R, φ)-component of the Reynolds stress σ Rφ ≡ ρv R v φ as a function of radius, where the stress has been averaged over polar angle θ as follows:
We see that, except near the boundaries (R < 5R g and R > 10 3 R g ), the Reynolds stress is negative everywhere in the flow. This indicates that the bulk convective motions in the gas move angular momentum inward. Because the convective angular momentum transfer in the simulation follows equation (5), we must make use of the analysis presented in §5 for interpreting the numerical results. Moreover, since α is very small (α = 0.01), we expect the simulation to reproduce the low-α convective envelope solution with ρ ∝ R −1/2 rather than the high-α NY branch of solution. To test this prediction, we show in Fig. 4 variation was seen also in low-viscosity ADAF simulations by Igumenshchev & Abramowicz (1999) and by Stone et al. (1999) in a simulation that corresponded to α-viscosity. The latter authors considered a variety of other viscosity prescriptions which scale differently from the usual α prescription. However, all the cases they considered correspond to very low effective values of α. Their simulations are therefore well within the regime of validity of the convective envelope solution. It may be worth emphasizing that the R −1/2 density profile in the convective envelope solution, which is very different from the R −3/2 profile of the self-similar NY solution, is not a consequence of mass loss. In the analytic work in this paper, for instance, we explicitly assumed that there is no mass loss. Both Igumenshchev & Abramowicz (1999) and Stone et al. (1999) found that for low values of α there were no powerful unbound outflows in their numerical simulations.
In this context, note that because the medium is convectively turbulent and is not accreting, roughly half the mass at any radius at any given time will be flowing in and half will be flowing out. We could estimate a "mass inflow rate"Ṁ in (R) by adding up all the inflowing gas elements. This would giveṀ in ∼ 4πρσRH/2 where σ is the rms velocity of the turbulent eddies. In §3 we showed that σ scales as
and H ∝ R, we find thatṀ in ∝ R. It might be tempting to identify the rapid decline ofṀ in with decreasing radius as evidence for a massive outflow. But there is no reason to think that the outflowing gas at any radius in the interior of the flow will escape and flow out to infinity. It is more than likely that the outflowing gas forms part of convective eddies, so that the mass that is flowing out at a certain time will later turn around and flow in. In this picture, the quantityṀ in is not very useful.
The analytic convective envelope solution predicts thatṀ = 0 and v = 0. As Fig. 4 shows, the mean radial velocity in the simulation is extremely small, but it is not exactly zero. The small non-zero value is because the simulated flow has an inner boundary where some mass can flow into the black hole. Thus there is a smallṀ which leads to a finite v. The analytic solution on the other hand corresponds to the limit when the inner radius goes to 0, and in this limit there is no mass accretion or radial velocity.
The profiles of c 2 s (R) and Ω(R) in Fig. 4 show the predicted power-law behaviors of these quantities for 10R g < R < 10 3 R g . However, a comparison of actual numerical values does not give good agreement. From equations (1) and (11), for a = 1/2, γ = 5/3 and very small α, the theory predicts
The numerical simulations give c 2 s /v 2 K = 0.25 and Ω/Ω K = 0.7. A likely explanation for the discrepancy is that the height-integrated analytical model is unable to represent some details of the 2D flow in the simulations. For instance, in 2D simulations, convective elements move outward not only in the radial direction, as it is assumed in the self-similar solution, but also deviate towards the poles. This makes the polar regions hotter, but cools the equatorial region. This could increase the outward energy flux in a polar wind, even though the mass outflow itself may be small. An important feature of the convective envelope solution is that there is a strong outward flux of energy F c transported by convection. The corresponding luminosity is equal toĖ c = 4πRHF c , which is independent of radius. (This is a special property of this solution which arises because a = 1/2.) Comparison of the theoretical estimate with numerical results from the simulation show quite good agreement.
Substituting the numerical value of ρR 1/2 at R = 100R g in the analytical expression for F c in the solution, we estimateĖ c 0.2α c in units ofṀ c 2 , whereṀ is the mass accretion rate into the black hole.
On the other hand, the numerical simulations giveĖ c =Ė tot −Ė v 2×10 −3 , whereĖ tot is the total outward energy flux andĖ v is the energy flux due to viscosity. Equating the two estimates of the convective flux we get α c 10 −2 . This estimate of α c agrees with our previous estimate from the Reynolds stress, which is encouraging considering the uncertainties (physical and numerical) of the two estimates. Thus, we feel that the static convective envelope model described in §5 is a good representation of numerically simulated 2D ADAFs at low α.
Discussion
The main result of this paper is that, in addition to the NY self-similar ADAF solution which has density ρ ∝ R −3/2 , there is a second power-law solution, a radiatively inefficient "convective envelope" solution, in which ρ ∝ R −1/2 . The second solution corresponds to a static envelope in which the mass accretion rate is very small. Indeed,Ṁ vanishes in the limit when the inner edge of the accretion flow moves down to 0. The solution has well-developed convection and transfers energy outward.
The convective envelope solution is possible only when two requirements are simultaneously met:
(i) The viscosity coefficient α must be fairly small. For a reasonable choice of the mixing length parameter (l 2 M ∼ 2), we find that we require α < α crit2 ∼ 0.05 (dashed lines in Fig. 2 ).
(ii) Convection must transport angular momentum inward (g = −1/3, §5) or not transport angular momentum at all (g = 0, §6). If it transports angular momentum outward, it must do so with less efficiency than it transports energy; specifically, we require g < 2/3 ( §6).
The numerical simulations discussed in §7 and in Igumenshchev & Abramowicz (1999) and Stone et al. (1999) satisfy both of the above conditions. In particular, condition (ii) is automatically satisfied by all numerical simulations of ADAFs carried out so far since all these simulations have been axisymmetric. The axisymmetry guarantees that there are no azimuthal pressure gradients and so convective eddies transport angular momentum inward (Stone & Balbus 1996) . We find that the numerical results agree quite well with the analytic convective envelope model (Figs. 3, 4,  §7) .
In all cases where either condition 1 or 2 is violated, the only self-similar solution we have been able to find is the analytic solution derived by NY, in which ρ ∝ R −3/2 . For given outer boundary conditions, this solution leads to a considerably larger mass accretion rate than that obtained with the convective envelope solution. Igumenshchev & Abramowicz (1999) found that convection plays a negligible role when α is > ∼ 0.1. This is consistent with our analysis, which shows that the convective α c is much less than α in this regime (Figs.  1, 2) . Indeed, our analysis overestimates α c for such models because the mixing length formalism we employ is a local steady state theory which assumes that convection has had enough time to grow and saturate.
However, the convective turnover time, which is given by t conv = (−N 2 ef f ) −1/2 is of order 1/α c Ω K , whereas the accretion time in the NY solution is of order t acc ∼ 1/αΩ K . Thus t conv /t acc ∼ α/α c , and this becomes large as α increases. The net effect would be to reduce α c below the values shown in Figs. 1 and 2 . Thus, we expect convective motions to be negligibly small for α > ∼ 0.1, as confirmed by Igumenshchev & Abramowicz (1999) . (Stone et al. 1999 did not explore models with such large values of α.)
The range α ∼ 0.1 − 0.3 is found to be very interesting in Igumenshchev & Abramowicz's (1999) simulations. For α = 0.3, γ = 1.5, they found that there is a pure inflow of the NY type, while for other choices, e.g. α = 1, γ = 1.5, they obtained a stable bipolar outflow. Igumenshchev (2000) studied a model with α = 0.1, γ = 5/3 and found a global meridional circulation pattern accompanied by a surprising unipolar supersonic outflow. The flow has some resemblance to the convective envelope solution discussed in this paper. Only a small fraction of the circulating matter is directly accreted by the black hole, and the energy required to support the circulation is extracted from the infalling mass with an efficiency ∼ 10 −3 − 10 −2 . The circulation transports the energy to large radii, where the author argues it could be radiated via bremsstrahlung. It would appear that in this model, viscosity is large enough to suppress convection on scales < ∼ R, but global circulation on a scale ∼ R still survives, and this transports energy.
The parallel between this solution and our convective envelope solution is fairly strong. The convective envelope again converts a fraction of the binding energy of the accreting mass into an outward flux of energy, which is carried by convection. This energy somehow has to be got rid of at the outer boundary. One way in which the energy could be eliminated from the system is by driving a slow (but perhaps massive) outflow from the outer boundary. Another is that the energy could be radiated by gas on the outside, as suggested by Igumenshchev (2000) . , and the ratio t acc /t cool ∝ R 5/2 increases very rapidly with radius. Therefore, one naturally expects a highly advectiondominated convection zone (presumably well described by our convective envelope solution) sandwiched between an inner energy producing zone close to the black hole and an outer radiating zone. The radiating zone would have very specific spectral signatures which would be interesting to explore. In comparison, in the NY self-similar solution, bremsstrahlung cooling goes as t cool ∝ R while the accretion time goes as t acc ∝ R 3/2 . Therefore, t acc /t cool ∝ R 1/2 . This is again an increasing function of radius but it is much less steeply increasing than in the convective envelope solution. Thus, the transition from an inner advectiondominated zone to an outer cooling-dominated zone would be less abrupt than in the convective envelope solution.
Is the convective envelope solution relevant for real accretion flows? This depends on the answers to two questions.
On the theoretical front, although there is good reason to believe that "viscosity" in differentiallyrotating accretion flows is produced by magnetic stresses generated by the Balbus & Hawley (1992 instability, the theory has not developed to the point where the value of α can be estimated. Numerical MHD simulations give values over a wide range, α < ∼ 0.01 to α ∼ 0.6 (Balbus & Hawley 1998) . Furthermore, all simulations so far have been done on thin accretion disks, and it is unclear whether those results are valid for the much thicker ADAFs. Numerical MHD simulations of accretion flows under ADAF-like conditions would be very worthwhile. The simulations will need to be done in three dimensions rather than two, since even in the thin disk case, there are large differences between 2D and 3D simulations (Balbus & Hawley 1998) .
The second question is: Does convection in differentially-rotating ADAFs move angular momentum outward or inward? This is a very important theoretical issue, with ramifications that extend beyond ADAFs, e.g. to rotating stars like the Sun. Ryu & Goodman (1992) showed that linear modes in a convectively unstable thin accretion disk transfer angular momentum inward. Stone & Balbus (1996) used numerical simulations to study the non-linear version of the problem. They found that angular momentum was either transported very weakly inward or not at all. These are significant results, but their relevance to ADAFs is a little uncertain. As NY emphasized, the entropy gradient in a thin disk model is in the vertical direction whereas the angular momentum gradient is in the horizontal direction. In ADAFs on the other hand, both the entropy gradient and the angular velocity/angular momentum gradient are in the radial direction. This might conceivably cause some differences in the physics. Kumar, Narayan & Loeb (1995) analyzed convective angular momentum transport in a differentially rotating medium using a mixing length formalism. They found that, while small amplitude linear perturbations transport angular momentum down the specific angular momentum gradient (in agreement with the result of Ryu & Goodman 1992) , nonlinear saturated convection generally behaves very differently. Indeed, in the nonlinear regime, the angular momentum transport depended critically on the nature of the interactions between convective eddies, which they modeled via a scattering term. By tuning their scattering function, they could reproduce a wide variety of behaviors, covering the entire range from g = −1/3 to g > 1 (in the language of this paper). Stone & Balbus (1996) analyzed the basic hydrodynamic equations in a turbulent Keplerian disk and showed that, when azimuthal pressure perturbations are small, there can be no net outward transport of angular momentum. As already mentioned, this powerful result is the reason why axisymmetric numerical simulations of convecting disks always move angular momentum inward. It also throws considerable light on the Kumar et al. (1995) work since the eddy scattering function invoked by these authors implicitly involves azimuthal pressure fluctuations, which enables their model to transport angular momentum outward.
All these theoretical studies still leave unresolved the question of how angular momentum transport actually operates in convective ADAFs. Specifically, how important are azimuthal pressure perturbations in these systems? Full three-dimensional numerical simulations -or at least nonaxisymmetric two-dimensional simulations in cylindrical geometry -would be most illuminating.
One empirical fact is worth noting; the convection zone in the Sun is closer to a constant angular velocity state than a constant angular momentum state. Indeed, in the equatorial plane, the angular velocity increases with increasing radius, which motivated Kumar et al. (1995) to consider models with g > 1. One of the two conditions, (i) and (ii), mentioned at the beginning of this section must be violated. Perhaps the effective viscous α in the Sun is large enough to counter the inward transport of angular momentum by convection. This is likely since the convective motions in the sun are not very energetic. Alternatively, perhaps convection in the Sun behaves as in equation (4) and drives the system to near-zero dΩ/dR. The Sun is certainly not a good comparison for an ADAF -a more rapidly rotating convective star would be closer -but the fact that the Sun has achieved an equilibrium configuration that is very different from a constant specific angular momentum state does provide a weak indication that the convective envelope solution may not be relevant for advection-dominated flows.
A key point of this paper is that there is considerable uncertainty associated with angular momentum transport by convection. There is a related, though less uncertain, issue connected to energy transport. We considered in this paper convective transport, where energy is transported down the entropy gradient. In addition, there could also be conduction which transports energy down the temperature gradient. Conduction has been studied by Gruzinov (1999) in the context of Bondi accretion. It would be of interest to extend Gruzinov's analysis to ADAFs and to investigate models in which convection and conduction are both simultaneously present. Apart from two regions near the boundaries, R < 5R g and R > 5 × 10 3 R g , the stress is negative. This confirms that convection in axisymmetric simulations moves angular momentum inward, as argued by Stone & Balbus (1996) . 
